Abstract. For semigroups and for bounded operators we introduce the new notion of Bergman distance. Systems with a finite Bergman distance share the same stability properties, and the Bergman distance is preserved under the Cayley transform. This way, we get stability results in continuous and discrete time. As an example, we show that bounded perturbations lead to pairs of semigroups with finite Bergman distance. This is extended to a class of Desch-Schappacher perturbations.
Introduction
Consider the linear differential equatioṅ
with the state x in the separable Hilbert space X and A the infinitesimal generator of the strongly continuous semigroup (e At ) t≥0 . A standard way of numerically solving this differential equation is the Crank-Nicolson method [7] . In this method the differential equation (1.1) is replaced by the difference equation 2) where Δ is the time step. Since we look at the stability properties of the semigroup, we can choose Δ freely. For symplicity we take Δ = 2. The operator (I + A)(I − A) −1 is known as the Cayley transform of A, and we denote it by A d .
A natural question is whether the solution x d (n) = A n d x 0 of (1.2) is a good approximation of the solution e At x 0 of (1.1). We will not consider this ≤ M 2 , for all n ≥ 0, see [5] . Thus, in these cases the solutions of (1.2) are bounded. If additionally, the semigroup is strongly stable, then (A n d ) n≥0 is strongly stable as well, see [5] . We extend the class of semigroups which behave nicely with respect to the Cayley transform, by introducing the new notion of Bergman distance. We say that two semigroups, (e At ) t≥0 and (eÃ t ) t≥0 , have a finite Bergman distance if the following two inequalities are satisfied for all x 0 ∈ X: 
We prove this equality in Sect. 
Stability in Continuous Time
The finite Bergman distance devides semigroups into classes. In this section we show that within these classes of semigroups the stability properties are the same.
First, we define what we mean by stability of semigroups.
The C 0 -semigroup (e At ) t≥0 is exponentially stable if there exist constants M ≥ 1 and ω > 0 such that
Van Casteren, [1] , gave the following characterisation of bounded and strongly stable semigroups. Proof. We prove the boundedness or stability of (e At ) t≥0 , given the boundedness or stability of (eÃ t ) t≥0 . By symmetry, the other implication then also holds. We begin with item 1.
1. For all t > 0 and x 0 ∈ X, the following inequalities hold:
where we have used ( 
where we have used the finite Bergman distance and the exponential stability of (eÃ t ) t≥0 . 
So for t > 1 we have that
Since for large t this will be less one, we have that ( 
Stability in Discrete Time
The discrete-time case is similar to the continuous-time case, the finite Bergman distance also creates classes of sequences of bounded operators. Elements within a class share the same stability properties. First, we define what we mean by stability in discrete time. 
for all x 0 ∈ X. n≥0 . By symmetry, the other implication then also holds. The proofs are similar to the ones in the continuous time.
1. Using Eq. (3.1) and the power stability of (Ã n d ) n≥0 , we find for all
Similarly, we obtain the dual result. By Lemma 3.2, (A n d ) n≥0 is power stable.
We have
where we have used the finite Bergman distance and the power stability of (Ã 
So we have that
.
Since for large n this will be less than one, we have that (
2 < ∞, for every ε > 0, there exists a n ε such that
Since this holds for all ε > 0, we have shown that
and so (A n d ) n≥0 is strongly stable.
Equivalence of the Bergman Distances
In the previous sections we have derived properties of operators with finite Bergman distance. In this section, we show that the Cayley transform preserves Bergman distances. First, we define the inner product space H. 
On H we define the following inner product:
The following result is easy to see.
Lemma 4.2. The inner product space H defined in Definition 4.1 is a Hilbert space.
To create an orthonormal basis for this Hilbert space, we use the generalised Laguerre polynomials L 
Vol
4) form an orthonormal basis in H.
Proof. We begin by showing that the sequence {ϕ n,m } ∞ n,m=1 is orthonormal in H. Using Eq. (4.1), we find:
where we use the orthogonality of the Laguerre polynomials, see [9, p. 99 ].
Next we show that the sequence {ϕ n,m } ∞ n,m=1 is maximal in H. If h is orthogonal to every ϕ n,m , then for all n and m ≥ 1:
From the maximality of {L 
We use the Laguerre polynomials to write the Cayley transform as an integral. Proof. We rewrite q n (t) as follows:
where we introduce = k + 1 in the fourth equality sign. We insert this into the left-hand side of Eq. (4.6) and using,
Thus Eq. (4.6) holds.
The following theorem shows that the Cayley transform preserves the Bergman distances. 
Proof. First, we write the left-hand side of (4.7) as a norm in H, see Definition 4.1. Next, we apply the Parseval identity of H, see Eq. (4.5):
Zooming in on the inner product, and applying Eq. (4.3) and Lemma 4.4, we find
We zoom out again and use the Parseval equation of X for the orthonormal basis {e m } m∈N .
Thus Eq. (4.7) holds.
Proof of the Main Result
In this section, we return to Theorem 1. 
Applications
In this section we present some examples of semigroups with a bounded Bergman distance. 
